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Abstract
We derive analytic expressions for propagators in spin—orbit coupled systems.
In addition to their kinetic energy, these systems exhibit a potential energy
that mixes position, momentum and spin operators. We consider Hamiltonians
with limited noncommutativities: the confined spin—orbit coupled Hamiltonian
X 2
Hiy =L +yo L+ imn’(x* + yzz, the confined Equal-Strength—Rashba—
Dresselhaus Hamiltonian Heggp, = £ + % (p, + py) (0, — 0y) + 2mn? (x* + y?)
and the confined Opposite—Strength—Rashba—Dresselhaus Hamiltonian
2
: 1
Hisrp = 2= + $(px — py)(ox + 0y) + §m772(x2 +y%). We use both a
classical action method and an algebraic method in our derivations. We mention
specific applications for these propagators and illustrate their significance with
examples of wavepacket evolution.

PACS numbers: 03.65.Fd, 31.15.aj, 72.25.Dc

(Some figures in this article are in colour only in the electronic version)

1. Introduction

The spin—orbit coupling (SOC) occurs in many areas of physics. Discovered in the fine
structure of atomic spectra, later introduced to explain the nuclear structure, it is now also of
great interest in condensed matter systems, such as graphene [1] and semiconducting materials
with promising spintronics applications [2, 3]. It is also found in the physics of optical lattices
mimicking condensed matter systems [4]. The SOC is characterized by interaction terms that
contain position r, momentum p and spin operators S. In nuclear and atomic systems, the
spin—orbit interaction is given in the form Hso = y (r)S - L, where L = r x p. The coupling
strength y is determined in atomic systems by the Coulomb potential V (r) such that
1dV(r)

y(r) ~ - . )

r dr

Hso can be derived in the nonrelativistic approximation of relativistic electron—atom
interactions. In spintronics, the spin—orbit coupling is manifest as Rashba and Dresselhaus
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interactions [5]. The Rashba interaction is the signature of structure inversion asymmetry
(STA) present in essentially two-dimensional materials [6, 7]. Its Hamiltonian

o
HR = ﬁ(pyax - any) (2)

combines components of the spin operator S (related to the Pauli matrices by S = %a) and the
momentum operator p. Its overall strength, the Rashba coupling constant ¢, can be controlled
experimentally. The Dresselhaus interaction, with coupling strength §, originates in bulk
inversion asymmetry (BIA) which is inherent to zinc-blende structures [§]

Hp = g(pxo'x - pyay)‘ 3)

Interesting features such as spin accumulation [9], spin-Hall effect [10], quantum spin-Hall
effect [11], Zitterbewegung motion of the wavepacket [12] and persistent spin helix [13] have
been predicted and observed for spin—orbit coupled systems. It is our goal here to derive SOC
propagators in order to get a better handle on the evolution of the corresponding physical
systems. To our knowledge, the propagator method has not been applied explicitly to these
specific SOC systems.

The propagator method is a powerful tool to study the evolution of systems [15, 16]. The
quantum propagator K (r, ro; ¢) is the conditional transition amplitude between a state |ry)
corresponding to an initial position r( and a state |r) corresponding to a final position r over a
time interval ¢

K(r.xo;1) = (X|T(1)]ro) = (x| 7 |rp), “4)

where |r) represents a position eigenvector, (r| is its conjugate and 7 (¢) is the time-evolution
operator which evolves a function from one time to another 7 (¢)|y (r, 0)) = |¥(r, ¢)) [17].
Since we are interested in spin systems, we construct propagators for the evolution of spin
distributions. By applying the propagators on a spin wavefunction ¥ (ry, 0) at = 0, we gain
information on the final spin wavefunction v (r, ¢) at any time

o0
v = [ K0 0)dro )
—00
There are several methods for constructing spinless propagators. In this paper, we select
a classical action method [17] and an algebraic method [18] and extend them to spin-
dependent problems. The inclusion of the spin degree of freedom introduces a new level
of noncommutativity which can considerably complicate the analysis of the systems. We give
specific examples from 2D electron gas spin—orbit systems with limited noncommutativity and
obtain analytic expressions for the propagators. By limited we mean that we consider powers
and combinations of position, momentum and spin operators that allow some factorization
of exponentials so that Baker—Campbell-Hausdorff-type formulae take on simplified forms.
First, we consider particles moving under the influence of the spin—orbit coupling and isotropic
parabolic horizontal (xy) confinement
2

1
H = P +yo’-L+—mn2(x2+y2), (6)
2m 2

where y and n are real constants. This Hamiltonian has been shown to exhibit different
chiralities for spin components [11]. We also consider specific spin—orbit-type interactions
from condensed matter systems, namely specific superpositions of Rashba and Dresselhaus
interactions. When both Rashba and Dresselhaus are present and balanced in strength, a
simplification occurs as the degrees of freedom decouple. We consider nonrelativistic free

2
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particles with spin under the influence of Hg and Hp and define the Equal-Strength—Rashba—
Dresselhaus (ESRD) Hamiltonian for « = 8

pi+p;

o
Hgsrp = + _(pyax — PxOy + PpxOx — pyay)s @)
2m h
and the Opposite-Strength—Rashba—Dresselhaus (OSRD) Hamiltonian for ¢ = —f
2, 2
pyitDy «
Hosrp = o Y+ _(P)'Ox — Px0y — PxOx + pyay)- (8)
2m h

Equal-Strength—Rashba—Dresselhaus has been shown to exhibit helicoidal motion leading to a
so-called persistent spin helix [13] and is relevant to the development of the nonballistic spin-
field-effect transistor [ 14]. We also consider the case where an isotropic parabolic confinement
is added to both ESRD and OSRD systems. Confinement terms can represent the finite spatial
extension of realistic semiconducting samples.

The confined spin—orbit Hamiltonian corresponds to an atomic spin—orbit interaction
with the Coulomb potential in equation (1) replaced by a simple harmonic oscillator (SHO)
potential. Because the motion is limited to the plane, this particular coupling only brings
in the z component of the spin. Similarly the Rashba interaction can also be obtained from
equation (1) with a linear potential corresponding to a constant electric field [2]. These
Hamiltonians operate on a space of spin distributions or spinorial functions ¥ (x, y) defined
in two dimensions characterized by the coordinates x and y, and with a spin degree of freedom
in 3D. These spinors obey time-dependent Pauli—-Schrodinger equations.

This paper is organized as follows. We construct the quantum propagators for the atomic
spin—orbit Hamiltonians (in section 2) and for specific spintronics Hamiltonians (in section 3)
using both the classical action method and the algebraic method. In section 4, we illustrate the
power of using these propagators to study the evolution of spin wavepackets in two particular
cases of confined atomic and ESRD systems. In section 5, we weigh the relative advantages of
our two methods in view of their applicability to the particular physical realizations discussed
in this paper.

2. Atomic spin—orbit coupling propagator

The Hamiltonian for the confined atomic spin—orbit coupling in the x y-plane is given by

2 2
Pyt Py 1
H§, = x2m J + o0,y (xpy — yp:) + Emnz(x2 + yz). 9)

Since only one Pauli operator occurs in the Hamiltonian, it corresponds to a constant of the
motion. The classical action method [17] can be extended to a 2 x 2 spin formalism. The
successive steps consist in finding the corresponding Lagrangian, solving the Euler—-Lagrange
equations, substituting the motion into the Lagrangian, integrating over time to find the action
and exponentiating to find the quantum propagator in two dimensions

is
K(x,x0,y,v0; 1) = Cexp <E>’ (10)

where S is the classical action and C is a c-number determined by the initial conditions.

Since only o is present, the Hamiltonian in equation (9) is diagonal in the standard
representation of the Pauli matrices. In what follows, we use the symbol o, as a place holder
for (+1) and (—1) of the diagonal elements of the Pauli matrix o,. Therefore, our calculation
proceeds in the usual way with a scalar Lagrangian.
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We find Hamilton’s equations
i=Buoyy, y=R ooy, (11
m m
perform a Legendre’s transformation

L= pg —H, (12)

and obtain the Lagrangian
L= %m()'c2 +3%) —myo,(xy — yx) + %m(y2 — )2 +y?). (13)

The equations of motions are obtained

doL 9IL
—— — — =mi —2mo.yy — (> — n*)mx =0
dr 0x  Ox
(14)
doL 9L s — % — Y 0
—— T =m mo;yx — —n9)my =0,
a9y ay y 24 Yo —nmy

and solved for x(¢') and y(¢') (which also provides x(#') and y(¢')) using the boundary
conditions

x(0) = xo, x(1) = x, y(0) = yo, y(@) =y. (15)
The classical action,
t
S :/ Ldt, (16)
0

is found by substituting the solutions into the Lagrangian and performing a partial integration
m._ . o\t Y(m . . . 1 2 2y(.2 2 ’
§=Z0x+ydlo - 5 X+ yy) +myo:(&y — yx) — Sm(y” =) (x" +y7) | dt
0

1
= ymx@Ox@) +y(0)3(@) = x(0)x(0) = y0)3(0)). a7

Note that the integrand in equation (17) vanishes as a result of the equations of motions [19].

We distinguish three cases n = 0, = y and arbitrary n corresponding to respectively
no confinement, spin—orbit from the confinement potential and the general case. In this last,
general, case, we use the algebraic method because it leads to the analytic result more elegantly
than the classical action method. That result reduces to the results found in the first two cases
when taking the proper limits.

2.1. Unconfined case: n =0
For the unconfined Hamiltonian

it

+ o,y (Xpy — YPx), (18)

we solve the equations of motions in equation (14) with n = 0. The action in equation (17)
gives

m
S = Z(xz +x3 +y* + Y5 — 2(xx0 + yYo) cos Y + 20, (—xyp + XoY) sin y) (19)
and, as a result, the unconfined spin—orbit propagator is
- m im
K99 (¢, x0. v, vo: £) = exp | — (x2 + x2 + y% + y2 — 2(xx + cos y't
s0 (%3 X0, 5303 1) = o exp | 5o (%7 425+ 37 + 35 — 200x0 + yy0) cos
+20,(—xyo + x0y) sin yt)), (20)
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where the front coefficient is determined by the initial condition on the propagator
lim K (x, xo, y, yo; 1) = 8(x — x0)(y — yo)- 2D

This result can be checked against the free-particle propagator [17] by taking the limit
y —0

_mx — x0) 2 +m(y — yo)2> _ 22)

m
K (x, x0, v, yo: 1) = —— ex -
(x, x0, ¥, Yo 1) - P( Siht

2mi
2.2. Larmor case (confined and balanced): n # 0,n =y
When the confinement strength n matches the SOC strength y such that = y, the Hamiltonian

_pitp

1
+o.y(xpy — ypy) + zmy%xz +y%) (23)

can be recognized as describing a charged particle in a homogeneous magnetic field, where
y plays the role of the Larmor frequency but exhibits an additional factor o, (GZ2 = 1). The
propagator (without the o, factor) has been obtained for this Larmor case [20]

m oyt imy ((x —x0)* + (y — y0)?
K(x,x0,¥, 50, 1) = —— — +2 - )
(¥, X0, ¥, Yo; 1) 2miht sinyt exp( 2h ( tan yt (x0y = xy0)
(24)

where the front coefficient is found using the Feynman trick [21].
The propagator including the o, factor is now obtained by replacing y by yo,, y cot y¢t
by yo,cotyo,t = y cotyt, and sin yt by sin yo,t = o, sin yt. As aresult

m_ oyt (imy (x—x0)’+ (=)’
2miht sin y't 2h tan yt

+20,(x0y — Wo)))-
(25)

(=) .
Keo 7 (x, %0, ¥, yoi 1) =

In the limit y — 0, equation (25) reduces also to the free-particle propagator. Note that the
propagators in the section can also be obtained following the same steps as in section 2.1.

2.3. General case: n # y

For arbitrary n solving the equations of motions is cumbersome. Instead we use an
algebraic method introduced by Wang [18] to calculate the propagator. In the Hamiltonian in
equation (9), the spin—orbit term, which is linear in x, commutes with the sum of the confining
term, which is quadratic in x, and the kinetic term. Because of this limited noncommutativity,
the time-evolution operator T can be expressed as

T ( th)
=exXp\———
h

_ it [ p? |
=exp|—5 ﬂ+az7/(xpy_ypx)+§m77 (x"+y7)

it ir (p* 1
= exp (—gazyupy - ypx)) exp (—5 (;’—m +Sm (7 y%)) - (26)

Note that we have isolated to the right of this expression the complete simple harmonic
oscillator evolution.
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By applying equation (26) to a wavefunction, we obtain

Yx,y, ) =T, 0¥, y,0)
_ _i[ . _i[<p2+1 2 2+ 2 ) ( 0)
_exp< EUzV(XPy ny))eXP< 2\ 5, T3 (x )’)) Y(x, y;0),
(27)

where exp (—%(% + 2mn*(x* + y%)))¥ (x, y; 0) is known since it represents the result of
SHO evolution,

Y(x,y, 1) =T, 0y (x, y,0)
it P2 L5, 2
= exp <—— (— +-mn (x“+Yy ))) Y(x,y,0)

h\2m 2
o0 oo
=[] KO w0 O dredn 28)
—00 v =00
where KSHO(x, x¢, v, yo; 1) is the propagator for the simple harmonic oscillator [17]
imn
KSHO(x, x0, v, y0: 1) = —— 1 exp [l ((x2 4 x2 + ¥ + y2) cos e
(¥, X0, Yo; 1) 2mih sin nt P 2% sin nt ((x fo Ty yo) 1
—2xx9 — 2yy0)>. (29)

By substituting equation (29) into equation (28) and by comparing to equation (27) we
obtain

. . 2 1
Y. y.1) = exp (—;—tozwxpy - ypx)> exp (—3 (p— FomP(l+ yz)» ¥ (x.y.0)

h\2m 2
it mn < [® imn s s
= ——0 —YPx) )| s Prara— +
cxp < h ozy (Xpy = VP )) 2mih sin nt /,oo /,oo cxp (Zh sin nt ((x o
+ ¥* +yg) cos nt — 2xxg — 2yy0>) ¥ (xo, Yo, 0) dxo dyo. (30)

The first factor exp (— ih—’ozy (xpy — ypx)) corresponds to a spin-dependent rotation
operator around the z-axis. Comparing with the usual rotation operator R,(¢) = exp (— %),
we extract the rotation angle ¢ = o,yt. The effect of the rotation operator on a wavefunction
is given by

R () f(x,y) =exp (_i(thZ) f(x,y)= f(xcos¢ +ysing, —xsing + ycos ¢). 31D

Therefore by applying equation (31) to equation (30)

Y(xy.0) ! oy ) foo /Oo LR
. 1) =exp| ——o — —— ex :
Y P\ 77 0Py = YPx i singt J_oo J oo P 2% sin nt T

+ Y%+ y5) cos nt — 2xxg — 2yyo)>w(xo, Yo, 0) dxo dyo

mn Rl e imn o,
2ih sin nt /, o /, P (—2;, sin ,7,((()C cos @+ ysin)” +x;

+(—xsing + ycos$)® + yé) cos(nt) — 2(x cos ¢ + y sin ¢)xg

—2(—xsing + ycos ¢)yo)> ¥ (xo, yo, 0) dxo dyo. (32)



J. Phys. A: Math. Theor. 42 (2009) 475304 B C Hsu and J-F S Van Huele

By comparing with the propagator integral formula in equation (5), it is straightforward
to extract the propagator for the generalized case

K(x,x0,y,y0:t) = mn exp in.m (((x cosop+y sinqS)2 +x§
2mih sin nt 2h sin nt

+(—xsing + ycos ) + yg) cosnt — 2(x cos ¢ + y sin¢)xg

—2(—xsing + ycos ¢)yo)>. (33)

Substituting the rotation angle ¢ = oyt back into equation (33) and using cos o, ¢t = cos yt,
and sino,yt = o, sin yt, we obtain the propagator for arbitrary n and y

(ny) mn imn 2, .2, .2, 2
K X, X0, VY, Yo, 1) = — ex - X +y +x5+ cos nt
so (¥ X0, ¥, yoi 1) 2mih sin nt P <2h sin nt (( Y 0 yo) g
—2(xxg + yyo) cos yt — 20,(xoy — Xyp) sin yt)). (34)

This result for the general confined atomic spin—orbit propagator reduces to the expression
of the propagator for the unconfined (equation (20)), Larmor (equation (25)), simple harmonic
oscillator (equation (29)), and the free particle (equation (22)). Applications to equation (34)
are discussed in section 5. Note that it is also straightforward to apply the algebraic method to
the unconfined case directly since the kinetic energy itself commutes with the spin—orbit term.

3. ESRD and OSRD spintronics propagators

The confined ESRD and OSRD Hamiltonians are given by

c _p2 o 1 2,.2 2

Hggpp = m + %(l’x +py)(ox —0y) + 5””7 (" +y7) (35)
3 _p2 o 1 2,.2 2

Hogrp = ot ﬁ(px — py)(ox +0y) + 2 (x%+y?). (36)

We start by considering the unconfined case (n = 0) and later proceed to arbitrary
confinement.

3.1. Unconfined case n = 0

In the ESRD case, we see from equation (35) that the two dimensions are decoupled unlike
in the Rashba-only (equation (2)) and Dresselhaus-only (equation (3)) cases. Decoupling
means that the total Hamiltonian can be written as a sum of two commuting Hamiltonians
corresponding to the motion in two independent dimensions

2 2

px o py o
Hgsrp = Hx) + Hyy), Hyy = ot %px(ax —0y), Hyy = ot %Py(ﬁx —0y).

We apply the classical action method to the Hamiltonian in the x dimension

H=2pop, 37)
2m
where v stands for the factor 7 (o, — o). Applying Hamilton’s equation
oH x
i=22 P (38)
apy m
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and using a Legendre transformation, we find

%) 2

mx mv
L=pi—H=— —mvi+—. 39
2% S T mvi+ = (39)

The corresponding equations of motion
doL oL

. _ 2 —5%=0 40
aox  ox “0)

describe a free particle. The classical action can now be evaluated

|t t . 2
—/ (mxx +mvk — ﬂ) dr'. (41)
2 |, b\ 2 2

As opposed to the examples in section 2, the integrand does not equate zero but it can be
integrated directly
t
—mvx|y+

S:/tLdt’zm—xx
A 2 |, 2

where the first term corresponds to the usual free-particle component. It is shifted by a
second term which is time independent and position dependent. The third term is just a time-
dependent phase. Therefore, the propagator for the Hamiltonian in equation (37) is obtained
from equation (10)

K(xoxo: 1) = [ m exp (—i(x I my(x —xp) mp2t>
2minht 2iht in 2ih
m m 2
=\ 27 P (_Thz(x — %o = V1) ) “43)

or, replacing v by its value,

K(x,xp;t) =,/ m exp —,i(x — X0 — g(ax — ay)t)2 . 44)
2miht 2iht h

The propagator in the other dimension K (y, yo; t) can be obtained in a similar manner.
As a result of the decoupling in the Hamiltonian, we find immediately the 2D propagator as a
product of two 1D propagators

t
mv3t

(42)

2
K](Eré:R(])))(x’ Y, X0, Yo, t) = Lexp —l X — X9 — g(o-x _Uy)t
2miht 2int h

2
+ (y —yo— %(ax - ay>t) )) (45)

In the OSRD case, the two dimensions are again decoupled but v takes on a different
value. The OSRD propagator is thus obtained similarly

2
K(()”ST{(B(X’ Y, X0, Yo; t) - n exXp —i X — X9 — g(0x+0\,)t
2miht 2int h ’

2
+ (y — Yo + %(O’x + O’y)l‘> )) 46)

For completeness we now derive the Kgsgp and Kosgrp propagators using the algebraic method.
Regarding the ESRD propagator, we first consider each dimension separately and find the effect
on the spinorial function v (x). Since the kinetic term in H(,, commutes with the potential

8
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term, we use the coordinate representation for the momentum operator p, = ?ax to rewrite
the ESRD time-evolution operator

—h%d '3
_ St + F0c(0x —0y))t
T(nmzsfin:exp(( = })>

—h20x
— exp (_M) exp (%) , 47)

The expression exp (M)w(x, 0) is known since

2
V(x,t) = T, 0)y(x, 0) = exp (—% (hza’“‘)) V(x, 0)
m

=/ K (x, xo3 DY (0, 0) o, 48)

where K¢ (x, xo; 1) is the propagator for the free particle provided in equation (22) in one
dimension. After substitution, we obtain

YUx, 1) =T 0)¢(x,0)

_ ady (ax —opt\ | m(x — xo)?
= exp < ) Foiht / exp < it > ¥ (x9, 0) dxg. 49)

The term exp (—“a"(”;fg") *) acts as a spin-dependent displacement in the x coordinate.

By applying the usual displacement formula

exp(—§0.)Y (x) = ¥ (x — §) (50)

with & replaced by a diagonalizable matrix a (o, — oy)t/h, we immediately obtain

Ux, 1) =T 0)¢(x,0)

m 00 m(x —xo — —a(ox—oy)l)z

/ 7

= - dxo. 51
2mwiht J_o exp ( 2iht ) ¥ (xo) dxo S

We then extract the quantum propagator from equations (5) and (51)

K( t)—\/T/'oo m(x—xo_w)z -
X, X0 1) =5 N exp — .

Note that we have only obtained the propagator for the motionin x. K (y, yo; t) is obtained
in analogy with K (x, xo; t). The 2D ESRD propagator is simply the product of K (x, xq; t)
and K (y, yo: 1)

(n=0) . m m o 2
KESRD ('x’ Y, X0, Yos t) = ikt exp _E X — X — %(O—x — Uy)t

2
+Q—m—%@—m0>> (53)

The construction of the OSRD propagator is similar
(1=0) . m m @ ’
Kosrp (X5 Y5 X0, Yo3 1) = it exp ~ 5 X —Xg— %(ox + o))t

2
+(y—y0+%(ox+6y)t> )) (54)
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We thus recover the results from equations (45) and (46). By comparing with the usual
free-particle propagator in equation (22), it is interesting to note that a shift in the position
appears in both dimensions in the exponential. The shift reflects two different inertial frames
in relative motion. This effect is caused by the term linear in p in the Hamiltonian.

3.2. Confined case: n # 0

We first consider the classical action method. The two dimensions are again decoupled and it
is straightforward to work out the one-dimensional propagator. The Hamiltonian

ps 1
H =" +vp, + —mn’x? (55)
2m 2
corresponds to the Lagrangian
2 2
1
L= mr_ mvx + o —mn’x? (56)
2 2 2

after applying a Legendre transformation with v = £ (0, — o) in the constrained ESRD case or
v = #(0y +0y) in the constrained OSRD case. Itis interesting to note that the Euler-Lagrange
equations are identical to those of the usual simple harmonic oscillator potential. The action,
however, is different

t t 22 2 1
S:/lﬂﬂ:/(%?—mw+g;—7m%ﬁm/
0 0

t '
1 1 1
- / (—mx}é +—mn*x® + mvx — —mvz) dr’, (57)
o Jo \2 2 2

where the first two terms inside the integral add up to zero from the equations of motion for
the simple harmonic oscillator. Therefore

t t l
— / (mw'c — —mv2> dr’
o Jo 2

= %m(x(t)x(t) —x(0)x(0)) —mv(x(t) — x(0)) + %mvzt, (58)

= —mxX

S = -—mxx
Mk

where the first term %m(x(t)x () — x(0)x(0)) corresponds to the classical action for the usual
harmonic oscillator potential. By substituting the harmonic oscillator solution

x(t") = cscnt (x sinnt’ — xgsinn(t’ — 1)) (59)
into the action S, we obtain
m, 5 mv
S(x, x0; 1) = E((xo +x%)ncotnt — 2xgxncscnt) + T(Zxo —2x +tv).

Therefore the propagator has the form

iS
K(x,x0;t) = Cexp (5)
im,, o, 2
= Cexp ﬁ((xo +x%)ncotnt — 2xpxncsent +v(2xg — 2x +1v)) |, (60)

where C is again obtained using Feynman’s trick

K(x,x0;t) = /27rihm—sninm exp(%((xg + xz)n cotnt — 2xpxncscnt + v(2xg — 2x + tv))).

(61)

10
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Note that in the constrained ESRD case, the x and y dimensions have the same sign multiplying
v due to the presence of the term v(p, + p,), whereas in the constrained OSRD the x and
y dimensions have opposite signs multiplying v due to v(p, — p,). As a result, the two-
dimensional propagators K{qep and K{grp are simply the products of two 1D propagators,
and the only difference between the two appears in the terms linear in v

lﬁ((xg +x%+yg + y*)ncotnt

c . mn
Kgsrp (X, Y, X0, Yo3 1) = m exp (271

—2(xpx + yoy)nesent +v(2xg — 2x +2yp — 2y + 2tv))) (62)

(2 + %2+ 32+ y?)y cot nt

. mn
K¢ »Ys X0, Yos b)) = s————¢€
OsrD X+ ¥'s X0, Y03 1) 2mih sin nt *P <2h

—2(xox + yoy)ncsent + v(2xg — 2x — 2yp + 2y + 2tv))>. (63)

In equations (62) and (63), v takes on the values v = «a(o, — oy)/h (ESRD) and
v = a(oy +0y)/h (OSRD). It can be verified that the limits 7 — 0 (unconfined) and v — 0
(simple harmonic oscillator) reduce to the corresponding propagators.

We now proceed with the algebraic method for the confined case. When including
a harmonic oscillator potential, the algebraic method becomes challenging due to the
noncommutativity [ px, p? + (1/2)ma*x?] # 0. As a consequence, the kinetic and potential
terms cannot be simply factorized. The usual simple harmonic oscillator propagator has been
derived using the algebraic method [18] with the operators

L_= _%axx’ L,= %xz’ Ly = %xax + 41_&’ (64)

which satisfy the commutation relation of the Lie algebra su(2), namely
[Ls, L_]1=2L3, [L3, Li] = =£Lx+. (65)

We first consider the Hamiltonian in equation (55) with a shift in the momentum. Therefore
we set out to modify the operators to
1 my m?v? L, 1 1 xmv
Lo=—Z0u+ 0+ —5, Ly=x", Ly=sx0c+ - — ——,
2 in 2h? 2 2 4  2in
which still satisfy equation (65).
By applying a Baker—Campbell-Hausdorff-like relation [23, 24]

(66)

exp(tLy —TL_) =exp (L' tan(|r|)L+> exp(—2Incos(|t|)L3) exp (—; tan(|t|)L_>

Iz 7|
(67)

—i 2 _ H . . .
%, T= % and |t| = nt, we rewrite the time-evolution operator as

- it (B? [ Oyx S m>v? . 1, , mh?
=exp|l—=(—|-——=+—0,+ — + = —

PG U2 " ™ g ™2™~

itmv? it (n? Oxx My mhv: 1, .,

= exp exp|l—= | = |5+ 50+t 5+ mnx
2h h\m 2 ih 2K 2

—imn xzt ; ) 1 9 + 1 xmy 1 ;
ex — tan exp|—2| zx9,+ - — —— ) Incos

i (L me g mV (63)
X €X _— —_— _— —_— an .
p mn o Oxx in F on2 n

11
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By applying the product of exponentials to a wavefunction, the last line in equation (68)
corresponds to two commuting operators 9, and 9y, and it is straightforward to apply them
to a wavefunction using equation (48) and the usual displacement formula [17]

exp(ady) f(x) = f(x +a), (69)

which gives

Y(x, 1) =T 0¥ (x,0)

itmv? —imn x? 1 xmv
= exp 7 exp P tannt Jexp | — | x0, + 3T Th In cos nt
/ n (x — x0)2 — ZM tan nt
27l tan nt 1h tan nt " Dihtannt nt n

x ¥ (xo, 0) dx. (70)

The term exp (—(xax + % - Incos nt) cannot be factorized immediately due to the
commutator [xd,, x] = x. Instead the Zassenhaus formula which relates noncommuting
operators in exponentials [25]

xmy )

r2 t3
ol (X+Y) _ ot X oY o= 5IX.Y] o 57 QIVIX Y IHX,[X, Y1)

% 6—7(3[}’ VX YIIS3IX [V YIIHX X X VT (71)

is needed. It is interesting to note that exp(axd, + abx) can be factorized even in the presence
of a non-terminating series in the Zassenhaus formula, namely

a’bx a’bx
exp(axd, +abx) = exp(axd,) exp(abx)exp | — exp ..

2! 3!
o0
an(_ 1)n—l
= exp(axd,) exp (Z Tbx)
n=1
= exp(axd,) exp((1 — exp(—a))bx). (72)
By comparing exp (—(x0 — ) Incos nt) with equation (72) we extract a = — Incos nt,
b = —%~. As aresult we obtain that

5,4 LMV y
eXp X0y 2 lh nCOST]

1 xXmy
= Jeost exp (— <x8x — 7) Incos nt)
1

mvx
= exp(—xdy Incos nt) exp (—(1 — exp(Incos nt)),—)
cosn in

~

i

mvx
= exp(—xd, Incos nt) exp (—(1 — cos nt),—). (73)
cosn ih

3

Now the term exp(—xd, Incosnt) corresponds to a dilatation operator. The effect of a
dilatation operator on a function is given by [18, 22]

exp(axd,) f(x) = f(ex). (74)
Therefore the operator exp(—xd, In cos nt) changes every x to x/ cos nt.

12
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Combining these results we obtain

Yx, 1) =T 0)¢(x,0)

itmy? —imn x? mvx mn
= exp exp —tannt Jexp | —(1 — cos nt)- —
2h /) ih cos nt 2mih sin nt

S 2 v(—=— — X0
x/ exp | —= il ( ol —xo) —ZMtannt
oo 2in tan nt cos nt n

x ¥ (xg, 0) dxo

min *© im, 5,
~\ 2xifsinnt € PYy + cotnt — 2 cscnt
m/w xP (271 ((x xo)n n XXon n

+20(xg — x) + v2t)>w(xo, 0) dx. (75)

The propagator for the confined ESRD (OSRD) in one dimension can be extracted

mn im,, 5,
K(x,x0;t) = | ————exp | = ((x“ + x;5)n cot nt — 2xxon csc nt
(x, %0; 1) 2mih sin nt p(2h(( 0)n 7 0nmEsEn

+20(x0— ) + ﬁ)), (76)

which matches equation (61). Again in 2D we obtain the results from equations (62) and (63)
as the product of two 1D propagators.

4. Applying the propagator to spin wavepacket evolution

We now apply the propagators for the confined atomic spin—orbit coupled system and for the
confined ESRD system to a localized spin wavepacket. The spin wavepacket we consider
¥ (xo0, Yo; t) is a Gaussian distribution in space centered at (x’, y) with widths w, and w, and
with spin polarizations determined by constants x and A such that |x|*> + [A|> = 1 and

1 _ )2 2
exp _Go=x)7 Qo= )7 (XY 77
W, W, 2w? 2w? A

By applying K ggf ¥ (equation (34)) to ¥ (xo, yo; t) as in equation (5) we obtain

w(xo’ Yo, t) =

" 5 1 imn(x% + y?) cos nt
X, y;1) = - . :
Twywy | (cosnt — fty) (cos e — L) 2 sinnt
: xTusin nt \ 2
X2 )2 . m(xcosyt + yo, sinyt + W)
T w2 2 _— Tsin
2wy 2wy 2if sin nt (cos nt — T )

(78)

. y'hisinnt \2
m(yCOS Yt —xo;smyt + imnw? ) ) <X>
hsinnt) A

i 2
imnws

2ih sin nt(cos nt —

Note that we use natural units in generating the plots. We provide an initial spin state with
spin-up (1) (x = 1, A = 0), center the initial wavepacket at (x’, y') = (1, 1) for simplicity

13
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Figure 1. Spin probability density p4 contour plot for a spin state initially up for six successive
times from O to 0.5 from (a)—(f) with an increment of 0.1 between plots. The parameters are
chosen as follows: m = 1,h = 1, wy =wy =1,n =1,y = 10.

and display the spin probability density p; = [y |? at six different times in figures 1(a)—(f).
We see that the spin wavepacket performs a counterclockwise rotation.

Next, by applying the propagator for the confined ESRD system (equation (62)) to
¥ (x9, yo; t) (equation (77)) in equation (5) we obtain

Y(x,y;t) =

1 <im <( 2 4 Y2y cot e

: ——exp [ — [ (x*+ y*)ncotn
hsinnt hisinnt

mwewy | (cosnt — k) (cosnr — GEEE) - \ 20

o ) ) 200
+ %(ox —ay)<— X —2y+ 7(0,6 —ay)t)>
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-2 -1 ¢ 1 2
)]

Figure 2. Spin probability density p, contour plot for a spin state initially x = (—1—1i)/2,2 =1
for six successive times from O to 5 from (a)-(f) with an increment of 1 between plots. The
parameters are chosen as follows: m = 1,h =L, wy =wy, =1, n =1, = L.

ihx! 2
X2 y2 m(xr; csent — 3(ox —oy) + ;1—5)3)

- :
2w 2w? 2ih(n cotnt + L)

(79)

NP

m(yncsent — &(oy —0y) + :nh_J;g) X

+ . .
2ik(n cot nr + ) ( >

For simplicity, we choose the initial spin state to be one of the eigenspinors of o, — o,
such that x = (—1 —i)/2, . = 1 and we denote this spin state as x. This choice guarantees
that spin-flipping does not occur. The initial Gaussian is again chosen to be centered at
(x’,y") = (1, 1). We plot the spin probability density p, = [, |? at six different times in
figures 2(a)—(f). We see that the spin wavepacket performs oscillations on the diagonal axis.
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In these and other cases the propagator clearly determines the wavepacket evolution. More
complex behavior can be observed when the initial wavepacket consists of superpositions of
eigenspinors.

5. Discussion

We have obtained propagators for atomic spin—orbit coupled systems and for ESRD and OSRD
spintronics systems by using two different methods. The first method is based on the classical
action and is familiar from spinless systems [20]. It relies on direct integration, substitution,
Legendre transformation and the application of the initial conditions. In reality, the actual
integration can often be avoided [19]. However, as the Hamiltonians get more complex,
the differential equations to be solved contain more terms and an alternate method becomes
preferable. In particular for the most general confined atomic spin—orbit case (section 2.3)
we choose to obtain the propagator with the algebraic method. In the algebraic method, we
permute noncommutative operators in the exponentials in order to extract factors corresponding
to recognizable propagators. This method is not algorithmic but involves the identification of
mutually commuting parts. These parts either correspond to systems whose propagators are
known or whose action on the wavefunction can be evaluated directly. In the atomic spin—orbit
case, the algebraic method involves the propagator of the simple harmonic oscillator and a
spin-dependent rotation operator. Both operations can be applied directly to the wavefunctions.
The two methods illustrate different approaches and we have used them both to derive the
ESRD and ORSRD propagators. Both methods yield the same result with comparable levels
of complexity. In the ESRD/OSRD confined case, the confining harmonic oscillator does
complicate the algebraic method significantly. This shows that each method has its merits
and that the choice of method should be determined carefully by taking into consideration the
complexity of the Hamiltonian. This does not exclude the possibility of looking into extending
still other methods such as the path-integral method [20] or Schwinger’s method [26, 27] to
the spin degree of freedom when dealing with spin—orbit coupled Hamiltonians.

The physical systems that we have considered all display the spin—orbit coupling. We
have limited our attention to a dependence that is at most quadratic in x and p. Because
of the properties of the spin, 0> = 1, quadratic or higher orders of spin do not appear. In
general, a linear term in the momentum p can be absorbed in the kinetic energy by shifting
the momentum and by adding a constant energy. The equations of motion will be unaffected.
This is the momentum equivalent of shifting the equilibrium of an oscillator in the presence
of a constant force. However, the action and the propagator of such systems will contain extra
terms. This can be compared to the description of motion in inertial frames that are in relative
motion. Our systems are also effectively two dimensional only, as momentum in z is frozen
out. These effective 2D Hamiltonians find application in real systems. Bernevig er al [11]
have recently found that the Hamiltonian for strained materials with quantum well parabolic
confinement is of the form

2

o= O G —xpo+ DO+, (80)
where Cj is a material-dependent constant and D corresponds to the confinement strength.
Landau levels result from such a Hamiltonian without the presence of a magnetic field.
Bernevig et al [13] also found that ESRD Hamiltonian leads to interesting persistent spin
helix phenomena in condensed matter systems. Both Rashba and Dresselhaus interactions can
also be replicated in ultracold atoms [4]. ESRD and OSRD apply to systems that have equal
amounts of Rashba and Dresselhaus interactions only. Because of the noncommutativities of
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the Rashba and Dresselhaus parts, the propagator of the combined interactions differs from

the product of the individual propagator.

Nevertheless for those specific cases treated in this paper, the propagators can be found

The construction of propagators in spin—orbit coupled systems remains challengin

in closed form and can be applied to predict and display spin evolution.
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